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Abstract

This paper is devoted to numerical solution of turbulent compressible fluid flow which is
governed by the system of the Favre-averaged Navier-Stokes equations closed by the two-
equation k -ω SST turbulence model. The contribution lies in the implementation of finite
volume method in fully-coupled density-based manner with AUSM scheme for calculation of
numerical convective fluxes using linear reconstruction along with Barth-Jespersen limiter and
explicit time integration in two different software environments. The first one is the in-house
developed numerical code in MATLAB while in the second case the system of equations is
solved in the framework of open-source package OpenFOAM where we have implemented the
same numerical techniques. Comparison of both of these above mentioned approaches together
with standard OpenFOAM solver is performed on the well-known turbulent flat plate test case.

Keywords: finite volume method, coupled density-based solver, turbulent compressible flow,
OpenFOAM.

1 Introduction

Open-source software OpenFOAM is nowadays widely used in the field of computational fluid
dynamics. It is a library based on object-oriented C++ programming language for solving equa-
tions arising from the modeling of fluid flow allowing the user to utilize its high level program-
ming syntax for manipulation with scalar, vector or tensor fields related to the cells of generally
three-dimensional polyhedral meshes, [1]. OpenFOAM extensively uses so-called pressure-based
velocity-pressure correction algorithms proposed originally to solve the Navier-Stokes equations of
incompressible flow, i.e. PISO (Pressure-Implicit with Splitting of Operators), [2], and SIMPLE
(Semi-Implicit Method for Pressure Linked Equations), [3]. On the other hand, for high speed
compressible flow problems the so-called density-based solvers are more suitable than the men-
tioned pressure-based methods. So far, the only density-based solver in the official OpenFOAM
distribution is rhoCentralFoam based on the central-upwind scheme of Kurganov and Tadmor, [4].

In foam-extend package which is a fork of OpenFOAM there is another density-based solver
for turbulent compressible flow called dbnsTurbFoam that is based on Godunov type schemes, e.g.
Rusanov, Roe or HLLC numeric fluxes, combined with an explicit time-marching method. Similar
approaches are used also in the aeroFoam solver developed by Romanelli et al. [5]. To remove the
limit imposed on the maximal size of a timestep and allow faster convergence to the steady state
an implicit method for the temporal discretization with the use of Generalised Minimum Residual
(GMRES) method and Lower-Upper Symmetric Gauss-Seidel (LU-SGS) preconditioning technique
have been implemented in the hisa solver, [6, 7]. All of the above mentioned density-based solvers
are coupled in the sense of the mean flow equations. The equations of specific turbulence models
are kept segregated since it is then possible to use the already implemented turbulent models in
OpenFOAM or foam-extend distribution.

This contribution is motivated by the deficiency of density-based solvers in OpenFOAM pack-
age. Instead of solving the mean flow equations, i.e. the Favre-averaged Navier-Stokes equations,
and the equations of turbulence model separately, the effort is put on solving the whole system of
equations at once. Implementation of this fully-coupled approach using the k -ω SST turbulence
model was published in diploma thesis of the author, [8], resulting in the in-house developed solver
programmed in the MATLAB environment. The aim of the paper is therefore to depict such imple-
mentation in the framework of OpenFOAM which is primarily designed for pressure-based solvers.
This improvement thus allows a wider range of applications when using OpenFOAM utilities,
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higher computational efficiency since C++ is generally faster than MATLAB and the possibility of
further development.

In order to verify implemented density-based solver in OpenFOAM a test case of turbulent
compressible fluid flow over a flat plate is considered in this work. Results are verified by means
of the solution provided by the NASA Turbulence Modeling Resource webpage, [9]. Additionally,
results of OpenFOAM built-in pressure-based solver for compressible flow called rhoPimpleFoam
are also presented.

2 Governing equations

The mathematical model of turbulent compressible fluid flow is represented by the nonlinear system
of the Favre-averaged Navier-Stokes equations expressing the fundamental laws of the conservation
of mass, momentum and energy of the mean flow, [10]. The system of equations can be written in
conservative form as

∂ρ

∂t
+∇ · (ρu) = 0

∂(ρu)

∂t
+∇ · (ρu⊗ u) +∇p = ∇ · (σ + τ ), (1)

∂(ρE)

∂t
+∇ · [(ρE + p)u] = ∇ · [(σ + τ ) · u] +∇ · [(λ+ λT )∇T ] ,

where ρ is the density, u is the vector of velocity, p is the pressure, E is the specific total energy, T
is the temperature, σ and τ are the viscous stress tensor and turbulent stress tensor (also termed
the Reynolds stress tensor) respectively and similarly λ is the thermal conductivity and λT is its
turbulent counterpart. Here u ⊗ u is the tensor with components uiuj , i, j = 1, . . . , N , where N
represents the space dimension of a specific problem. The pressure is coupled with the system (1)
by an equation of state of the ideal gas in the form

p = (κ− 1)

(
ρE − 1

2
||u||2

)
, (2)

where κ = 1.4 is the Poisson adiabatic constant.
For thermal conductivities the following relations holds

λ = cp
µ

Pr
, λT = cp

µT

PrT
, (3)

where cp is the specific heat at constant pressure and Prandtl number Pr and turbulent Prandtl
number PrT are set to Pr = 0.72 and PrT = 0.9 respectively. The fluid is assumed to be
Newtonian and the dynamic viscosity µ is therefore computed using the Sutherland’s law, [11]. In
such case the dynamic viscosity is function of temperature only. Turbulent viscosity µT which is
also component of the Reynolds stress tensor represents the effect of the turbulent fluctuations and
need to be modeled by a turbulence model in order to close the system of equations.

In this work we will use Menter’s two equation k -ω SST turbulence model, [12], in the form

∂(ρk)

∂t
+∇ · (ρku) = ∇ · [(µ+ σkµT )∇k] + P − β∗ρωk,

∂(ρω)

∂t
+∇ · (ρωu) = ∇ · [(µ+ σωµT )∇ω] +

γρ

µT
P − βρω2 + 2(1− F1)

ρσω2

ω
∇k · ∇ω,

(4)

where k is the turbulent kinetic energy and ω is the specific dissipation rate, σk, σω, σω2, β,
β∗ and γ are model coefficients and F1 is model function. The production term P = τ : ∇u
is approximated here by µT ||Ω||2, where Ω is the vorticity tensor, [13]. Finally, the turbulent
viscosity is obtained by the relation

µT =
ρa1k

max(a1ω, ||Ω||F2)
, (5)

where a1 is model coefficient and F2 is model function.
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3 Numerical solution

The system of equations (1) and (4) can be rewritten in the integral form on a computational
domain Ω ⊂ RN with boundary ∂Ω as

∂

∂t

∫
Ω

W dΩ +

∮
∂Ω

(FC − F V ) dS =

∫
Ω

QdΩ, (6)

where W = [ρ, ρu, ρE, ρk, ρω] is the vector of conservative variables and FC , F V and Q are the
vectors of the convective fluxes, the viscous fluxes and the source terms respectively. For spatial
discretization of the system (6) the cell centered finite volume method (FVM), [14], is used. The
FVM is based on the piecewise constant approximation of a solution by taking

Wi(t) =
1

|Ωi|

∫
Ωi

W (x, t) dΩ (7)

on each mesh cell Ωi. Here |Ωi| denotes the magnitude of the i-th mesh cell. Hence (6) can be
approximated for particular cell Ωi as

d

dt
Wi = − 1

|Ωi|

S(i)∑
j=1

(FC
ij − F V

ij )|Γij |+Qi ≡ Ri(W ), (8)

where S(i) is the set of cells which are adjacent to mesh cell Ωi, |Γij | is the magnitude of face
shared by cell Ωi and Ωj and FC

ij , F V
ij are the numerical fluxes approximating the convective and

viscous fluxes on j-th face. The source term is assumed to be constant inside the mesh cell.
The discretization of convective fluxes is made by means of approximate Riemann solver. AUSM

scheme of Liou, [15], is employed in this work together with piecewise linear reconstruction in order
to improve accuracy of the scheme. Reconstructed value of Wi on the j-th face of the cell limited
by the Barth-Jespersen limiter to prevent spurious oscillations in solution is given as, [16],

Wij = Wi + Φi∇Wirj , (9)

where rj is the vector connecting the center of the cell Ωi and center of the face between cell Ωi

and Ωj and ∇Wi indicates gradient of the components of the vector Wi. The limiter itself is
defined as

Φi = min
j∈S(i)

Φij , (10)

with

Φij =



min

(
1,
Wmax −Wi

∇Wirj

)
, if ∇Wirj > 0,

min

(
1,
Wmin −Wi

∇Wirj

)
, if ∇Wirj < 0,

1, if ∇Wirj = 0.

(11)

Here Wmax = max
(
Wi,maxj∈S(i)Wj

)
and Wmin = min

(
Wi,minj∈S(i)Wj

)
.

Viscous fluxes are discretized with central scheme. In the case of MATLAB implementation the
values of the conservative variables on faces are determined using the dual cells but in OpenFOAM
implementation are these obtained only with the values in adjacent cell centers, [17]. Hence the
MATLAB code uses a larger stencil of mesh cells. Detailed information about the discretization is
covered in the diploma thesis of the author, [8].

For the temporal discretization of the system of ordinary differential equations (8) the explicit
two-stage Runge-Kutta method is used in the form

W
(1)
i = W n

i ,

W
(2)
i = W

(1)
i + α1∆tRi(W

(1)),

W n+1
i = W

(1)
i + α2∆tRi(W

(2)),

(12)

where α1 = 1/2 and α2 = 1.
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4 Implementation in OpenFOAM

The basis of the presented solver is built on the dbnsFoam solver of the foam-extend package for
solving inviscid Euler equations. This solver also uses the Godunov method, see e.g. [18], for
discretization of convective fluxes and the explicit multi-stage Runge-Kutta method similar to (12)
for time integration of the semidiscrete system of ODEs which makes it an ideal candidate for the
extension to our system of equations (8). In foam-extend, there is also dbnsTurbFoam solver for the
turbulent compressible fluid flow but it uses the built-in turbulence models which are discretized
in both space and time in a different way and hence it is not possible to use it in our case of
fully-coupled equations.

In order to solve (8) a dbnsFoam solver was modified and compiled under the current version
of OpenFOAM together with implementing the AUSM scheme for convective fluxes. Then it was
extended by viscous fluxes and source terms. Like in the case of foam-extend, the OpenFOAM
built-in turbulence models could not be used because of the different method of its solution. For
this purpose it was necessary to create a new C++ class to deal with the closure coefficients and
auxiliary relations of the k -ω SST turbulence model. Hence the use of other turbulence models
is not straightforward and its proper implementation is needed instead of selecting the already
implemented turbulence model from the OpenFOAM package database.

5 Results

The two-dimensional subsonic turbulent flow over a flat plate with zero pressure gradient which is
part of the NASA Turbulence Modeling Resource (NASA TMR) database, [9], has been chosen as
a benchmark. The flow enters the computational domain Ω ⊂ R2 at boundary ∂ΩI , see Fig. 1, in
distance 0.33 [m] in front of the leading edge of the flat plate with total pressure pt,∞ = 104190.5
[Pa], total temperature Tt,∞ = 302.4 [K] and turbulent intensity Tu = 0.08% at zero angle of
attack. The flat plate itself is 2 [m] long and is assumed to be adiabatic solid wall ∂ΩW with
no-slip condition u = 0 and µT = 0, k = 0 and ω = 60µ/ρβ1y

2
1 for the turbulent quantities, where

β1 is a model constant and y1 is the distance of the first cell center from the wall. At the outlet
∂ΩO a value of pressure p = 101325 [Pa] is prescribed and other quantities are extrapolated. At the
other boundaries ∂ΩS of computational domain Ω a symmetry boundary condition is prescribed.
The flow is further characterized by a Reynolds number of Re = 5 · 106 based on unit length.

20.33

1 ∂ΩI

∂ΩS

∂ΩS ∂ΩW

∂ΩOΩ

Figure 1: Computational domain Ω ⊂ R2 for the flat plate
with the boundary ∂Ω = ∂ΩI ∪ ∂ΩO ∪ ∂ΩS ∪ ∂ΩW

The solution was obtained using a structured quadrilateral mesh with 140×100 cells, Fig. 2,
which is stretched in the distance normal to the wall and clustered near the flat plate leading edge.
The first cell center near the wall is in distance y1 = 5.2 · 10−6 [m] giving an approximate average
of nondimensional wall distance y+ ≈ 0.9 over the plate.

The results obtained with the in-house developed code in MATLAB and implementation in
OpenFOAM are compared with the solution from NASA TMR for which a greater mesh resolution
with 544×384 cells has been used. The test case was also computed with OpenFOAM built-in
solver for compressible flow called rhoPimpleFoam which uses the PIMPLE algorithm and standard
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Figure 2: Structured mesh with 140×100 quadrilaterals

implementation of turbulence models. The PIMPLE algorithm is a combination of PISO, [2], and
SIMPLE, [3], algorithms usually used for solving of incompressible fluid flows. For compressible
flows therefore this solver can be somewhat diffusive but for considered case where the freestream
Mach number is Ma∞ ≈ 0.2 this should not cause a problem.

Fig. 3 shows a comparison of the velocity profiles scaled by the freestream velocity for each
solver in distance 0.97 [m] and 1.9 [m] from the flat plate leading edge. In Fig. 4 - 6 distribution
of turbulent quantities near the wall is shown.

One can see that in the case of the turbulent viscosity nondimensionalized by the freestream
dynamic viscosity the PIMPLE solver slightly overestimates the position of maximal µT . A similar
situation occurs in the distribution of k and ω where rapid changes are present at the boundary
layer edge. Also, both solutions obtained in the OpenFOAM framework show slight deviation from
NASA TMR results at the wall. Nevertheless, all solvers give similar results for velocities. For
proper analysis a better mesh resolution need to be used.
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Figure 3: Velocity profiles in locations
x = 0.97 and x = 1.9
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Figure 4: Profile of nondimensional
turbulent viscosity at x = 0.97
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Figure 5: Profile of nondimensional
k at x = 0.97
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Figure 6: Profile of nondimensional
ω at x = 0.97

6 Conclusion

The fully-coupled density-based solver for turbulent compressible flow has been successfully im-
plemented to OpenFOAM. Compared to the rhoPimpleFoam solver which is part of OpenFOAM
installation our solver provides better resolution of sharp behavior of turbulent quantities near
the edge of the boundary layer on the computational mesh with the same number of cells. It is
important to note that the resolution of the PIMPLE solver can be further improved by appropri-
ate tuning of parameters depending on particular case while presented solver does not need any
additional information. However, since it uses an explicit time integration it puts strong limit on
the maximal allowable size of the timestep ∆t so the convergence to the steady state is relatively
slow. Implementation of some implicit scheme to the developed OpenFOAM solver is therefore
needed to increase the computational efficiency.

Acknowledgment

The financial support for the present study was partly provided by the project L01506 and by the project

SGS-2019-009 of the Ministry of Education, Youth and Sports of the Czech Republic.

References

[1] Weller, H. G., Tabor, G., Jasak, H. & Fureby, C.: A tensorial approach to computational
continuum mechanics using object-oriented techniques. Computers in Physics, vol. 12, no. 6:
(1998) pp. 620-631.

[2] Issa, R. I., Gosman, A. D. & Watkins, A. P.: The Computation of Compressible and Incom-
pressible Recirculating Flow by a Non-Iterative Implicit Scheme. Journal of Computational
Physics, vol. 62, no. 1: (1986) pp. 429-442.

TOPICAL PROBLEMS OF FLUID MECHANICS 135_______________________________________________________________________
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