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Abstract

This contribution reports on an ongoing study of incompressible viscous fluid flow in two
dimensional branched channels. A new finite difference solver was developed using a simple
implementation of an immersed boundary method to represent the channel geometry. Nu-
merical solutions obtained using this new solver are compared with outputs of an older finite
volume code working on classical wall fitted structured multiblock grid. Besides of the com-
parative evaluation of obtained solution, the aim is to verify whether the immersed boundary
method is suitable (accurate and efficient enough) for simulations of flow in channels with
complicated geometry where the the grid generation might be challenging.
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1 Introduction

Fluid flow in branching (sometimes also called bifurcating or dividing) channels is of interest in
many technical [3] or biomedical applications [15], [16], [9]. The air flow in lungs or blood flow in
circulatory system of living organisms can be taken as an example and motivation for our study
[8], [17], [13]. One of the challenges in simulating this kind of flows where the domain occupied by
the fluid has complicated geometry with several levels of (almost fractal like) branching. Although
it is possible to discretize such kind of geometry by standard grids (structured or unstructured),
the grid generation might be difficult to guarantee accurate and consistent numerical results of
fluid flow simulations.

Our final aim is to develop a mathematical models, numerical methods and solvers for biomed-
ical applications. For this purpose various non-standard artificial boundary conditions need to be
implemented and tested for number of complicated channel configurations. Thus we have decided
to build a specialized simple test code on which such boundary conditions, numerical methods and
mathematical models can easily be tested, even for non-trivial branched channels. To achieve this
objective, we have chosen a finite difference method to be applied on regular structured grid, where
the specific channel geometry will only be represented using the immersed boundary method.

The main aim in this present work is to compare the results of a standard finite volume based
method [10], [9] which used the wall fitted grid, with a much simpler finite difference code working
on regular Cartesian grid [12] while employing a generic implementation of immersed boundary
method. As a test case a channel with single branch inclined at different angles was chosen,
similar to geometry used in [16] or [14]. The results of both codes are compared to see whether
the simple finite difference and immersed boundary method based code can match the essential
flow characteristics resolved by the older standard finite volume code used in some of our previous
studies [9], [2].

2 Mathematical Model

The mathematical model and the choice of the computational test case is motivated by the pre-
viously mentioned biomedical applications. Although both numerical methods can easily be im-
plemented in fully three-dimensional setting, most of the description below is written for two-
dimensional case because only such cases were solved numerically. Unless noted otherwise, the
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below provided description is common for both, the finite-difference and finite-volume methods
used in our numerical simulations.

2.1 Governing equations
The incompressible Navier-Stokes equations can be written in a conservative vector form:
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where p is the (constant) density, v is the (constant) kinematic viscosity and p, w is the pressure
and velocity field respectively. The velocity field obeys the incompressibility (divergence-free)
constraint (V - u = 0).

2.2 Computational domain

For the immersed boundary implementation of finite-difference method, the two-dimensional (2D)
computational domain was chosen as a rectangle in x — z plane with dimensions 30D x 10D . The
numerical simulations were performed on a structured, orthogonal (Cartesian) grid with different
number of equidistant nodes. The standard grid had 1200x200 cells.

The coordinate system has been chosen to have the origin at the edge of branching (z — z
coordinates). The whole domain as well as the channel geometry is shown in Fig.1. The width
(diameter) of the main horizontal channel is denoted by D and the width of the inclined (oblique)
branch inclined at the angle a was chosen to be D/2. The same configuration was kept for all
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Figure 1: Computational domain of a branched pipe.

simulations, just changing the angle a by setting it to values 30°, 60°, 90°, 120° and 150°.
For finite volume simulations, just the interior of the channel (marked by blue color in Fig.1)
was used to construct the grid. See section 4 for details.

2.3 Boundary conditions

The boundary setup was chosen as simple as possible in order to allow for simple extension for
non-Newtonian and turbulent flows, where the velocity profiles are not a-priori known even for the
simple channel with Poiseuille like flow. Therefore we have opted for the flow to be defined by
pressure drop to be prescribed between the inlet and outlet parts of the boundary. So only different
values of pressure were prescribed at different inlet/outlet parts of the boundary. Otherwise the
homogeneous Neumann condition was prescribed for velocity components on those part of boundary
to mimic a fully developed flow. On the channel wall of course the no-slip, i.e. homogeneous
Dirichlet condition u = (0,0) was prescribed for velocity.
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To establish a pressure drop between inlet and outlet of the channel, the pressure was set to zero
at outlet, and a suitable (positive) value of pressure was set at the inlet. In order to achieve some
realistic flow conditions, we have chosen all conditions similar to flow of blood in common carotid
artery. From its diameter D = 6mm, fluid viscosity and channel length (without considering the
branch) it was possible to find suitable inlet pressure from Poiseuille solution, to achieve similar
velocity as it’s found in the real blood vessel of the same size. This led us to the choice of inlet
pressure p;, = 60Pa while at the outlets we prescribed pressures py = pg = 0.

For the immersed boundary method the velocity is set to zero inside the part of the domain
occupied by the solid material, so no special treatment is needed on the channel walls for pressure
or velocity. See section 3.2 for details of the implementation.

3 Numerical Methods

As it was mentioned in the Introduction, two different numerical methods were used in this study.
They will be described separately in the Section 3.2 and 3.3 respectively. Both methods share
the artificial compressibility approach used to resolve pressure and to enforce the divergence-free
constraint.

3.1 Artificial compressibility method

Foundations of this method can be tracked down to 1967 when A. J. Chorin published the method
in [4] and [5]. The principle of artificial compressibility method consists in adding a time derivative
of pressure to the continuity equation leading to

1 dp
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where 32 € RY represents the coefficient of artificial compressibility. The pressure then can
be evaluated from this equation in the same manner as the velocity can be calculated from the
momentum equations (1). More details on this method can be found for example in classical book
[7], paper [18], or in some of our previous works [10], [9].

In order to describe (and implement) the numerical methods in a simple way, it’s convenient
to rewrite the governing system, including the artificial compressibility method, in vector form.
Starting from the complete modified governing system (1)-(2) written in conservative form (the
same in 2D and 3D). The two-dimensional (in # — z coordinates) version of the system can be
written in vector form

Dwt+Fx+Hz:Rm+TZ7 (3)

where D = diag (6*2, 1, 1) represents diagonal matrix including the artificial compressibility pa-
rameter 8, W = col(p, u, w) is the vector of unknowns, F, H and and R, T are inviscid and viscous
fluxes respectively defined by (4) and (5).
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3.2 Finite-difference method

The newly developed finite-difference code relays on immersed boundary method to represent the
computational domain and on the MacCormack scheme to discretize the governing equations.
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Immersed boundary method When applying an im-
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Figure 2: Immersed boundary imple-

e d = 0 if point is located in in solid region.
mentation.

MacCormack scheme It is a specific version of the Lax-Wendroff scheme, reformulated in
predictor-corrector form [7]. The MacCormack scheme uses one-sided differences for dicretization
of spatial derivatives of inviscid fluxes. Different backward/forward approximation is used in pre-
dictor/corrector, which finally combined gives a central approximation of the dicretized derivatives.
The viscous fluxes are always discretized in the central manner in both predictor and corrector
stages.

To describe the MacCormack scheme, it’s better to start from a rearranged equation (3), where
all terms except the time derivative are placed on the right hand side.

W;,=D'[-(F,+H.)+R, +T.]. (6)

Now in order to update in time the values of the vector W™ to W”*! the aim is to construct
an approximation of W; from (6). This approximation is built differently in predictor (e.g. using
backward differences) and in corrector (using forward differences). Then the final update is per-
formed using linear combination of the two values obtained. This procedure is formalized in the
following steps:

Predictor step — The spatial derivatives of inviscid fluxes F, H in (6) are discretized using
backward differences, while central differencing is used for viscous fluxes R and T.
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where values of all variables on the right side are known at the current time level n. Using
the approximate value (%—Vtv)zj, the preliminary (marked by tilde) values of unknown W"*! are
predicted from the first two terms of the corresponding Taylor series, i.e. using explicit Euler
time-stepping:
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where the value of the first term on the right hand side is known at current time level and the
second term was previously evaluated from (7). The obtained auxiliary values of W"*+! are used
in the corrector step.

Corrector step —  Here the predicted values Wt are used to calculate another approxima-
tion of W from (6), but this time applying the forward in space differentiation of inviscid fluxes
F and H while central differencing is used again for viscous fluxes R and T.
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Again all the terms on the right hand side can easily be evaluated from the known values VNVZL;H

Variables update —  Having now the two approximate values of W, from predictor and cor-
rector steps, the final approximation can be built as an average of the two values, representing an
approximation of W; at the time level n + 1/2.

n+1

oW\" 2 1| faw\" OW

== =-{=-) +|= (10)

at ), 2 [\ot ), ot |
? ’ 7,]

Finally the values of the unknown variables vector W™*t1 can be obtained by making a forward

time-step of the length At from W™ using the approximate time-derivative W' +1/2,
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In principle, the MacCormack method is thus similar to Heun’s method for solution of ordinary
differential equations. Also here it leads to increased (second order) accuracy with respect to time.
The spatial accuracy of MacCormack method is the same (second order) as for the Lax-Wendroff
scheme due to use of central approximation of all spatial derivatives [6].

It’s good to note, that the choice of backward differencing in predictor and forward differencing
in corrector steps was arbitrary and it could have been chosen the other way round and it shouldn’t
affect the results [7], [1].

3.3 Finite-volume method

The finite-volume method used in this study was described in detail in several of our previous
publications, like for example [9], [10] or [2], so only basic information is given here. The imple-
mentation adopted for our code uses semi discrete approach with finite-volume dicretization of
spatial derivatives on structured grid with quadrilateral cells. The inviscid fluxes are discretized in
central way on primary cells, while the viscous fluxes are approximated on dual, diamond shaped,
cells. After discretization in space, a system of ordinary differential equations is obtained for evolu-
tion in time of the cell averaged quantities. The integration in time is performed using an explicit
Runge-Kutta multistage scheme.

4 Numerical Simulations and Results

The numerical results shown in this section represent just a small portion of the large number
of simulations performed. The main aim of the selection shown here is to demonstrate the main
conceptual differences between the classical approximation and the immersed boundary representa-
tion of the computational geometry. The second goal is to show how the finite-difference immersed
boundary method captures the main flow features as well as the smaller scale details.

The details of the finite-difference (FDM) cartesian grid and finite-volume (FVM) wall fitted
grid is shown in Fig. 3.
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Figure 3: Grid structure comparison - FDM grid (in blue) , FVM grid (in purple)

One of the main problems in constructing structured wall fitted grids for branching channels can
be sudden changes and high distortion of grid cells. This problem is absent in Cartesian regularly
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spaced grids, where even very simple numerical methods can achieve their highest accuracy. On
the other hand, an accurate representation of domain geometry in immersed boundary method can
be questionable as it can be seen in Fig. 4.
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Figure 4: Velocity magnitude computed using FDM and immersed boundary method.

Evidently the immersed boundary approximation of oblique parts of the channel might cause some
problems, while the parts of boundaries parallel to grid lines are well represented. This may result
in different accuracy for different channels (branching angles). The same part shown with FVM
grid and solution in Fig. 5.
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Figure 5: Velocity magnitude computed using FVM on wall fitted grid.
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Pressure values and character of the pressure field is dictated by the prescribed boundary condi-
tions. In our setting the pressure is set to zero at outlet (right boundary) of the main channel as
well as at the outlet of the branch (upper boundary), while the value p = 60Pa is prescribed at the
inlet (left boundary). This forms a pressure drop between inlet and outlet parts of the channel,
leading to the development of the flow. The pressure field has almost linear decay along the main
channel as well as along the thinner branch with some more complicated patterns in the vicinity
of edges (corners) in the branching region, which is shown in Fig 6.

Finer scale flow features, including vortices, are resolved in the branching region, which can be
seen in the Fig. 6, where the streamlines are drawn in the branching region.
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Figure 6: Pressure field and streamlines in detail (FDM).

Some interesting features are revealed also by the contours of velocity magnitude shown in Fig. 7.
The velocity in the thinner branch of the channel is higher for the case a = 90°, leading to higher
flow rate in that branch and consequently also to higher velocities in the main channel. Further
results for other geometries (angles «) as well as the results obtained using the FVM are showing
similar features.
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Figure 7: Velocity magnitude for « = 30° and o = 90° (FDM).

5 Conclusions & Remarks

This contribution shows some of the first comparative tests performed to validate our new finite-
difference immersed boundary code. The following points briefly summarize the main findings of

this ongoing work:

e The formally second order MacCormack scheme was successfully implemented to replace
the previously used first order Lax-Friedrichs method reported in [11], [12]. This should be
important in our future work, where finer scale flow structures are expected and some kind

of non-Newtonian rheology or turbulence closure will have to be used.

e Both compared codes were validated for the case of Poiseuille flow of Newtonian fluid where
the analytical solution is known. Both codes (finite-difference and finite-volume) resolved
very well the expected known solution and there were no significant differences observed for
numerical solutions obtained on comparable grids. This agreement on a simple channel case
is taken as a starting point for the investigation of the behavior of both numerical codes on

more complex geometries, where the analytical reference solutions are not available.

e First comparison of numerical simulations and their results have shown that the immersed
boundary FDM is quite robust, fast and easy to modify for various geometries. On the other
hand the computations using our older code based on FVM are more time consuming, more

sensitive to grid structure and distortion.

e The simplicity of the newly developed immersed boundary finite-difference code outweighs its
possible accuracy degradation in certain geometries. This code is primarily aimed at testing
various artificial boundary conditions at multiply branched channels. For such purpose the

code proved to be a perspective and valuable tool.

The results presented in this study are still more qualitative than quantitative. This is the direction

where our future investigation will focus before some new experimental boundary conditions
mathematical models will be implemented in the code.
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