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Abstract

We consider a second order implicit time stepping procedure for the unsteady Stokes equations
in bounded domains of R®. Using energy estimates we prove optimal convergence properties
in a series of Sobolev spaces H™(G) (m = 0,1, 2) uniformely in time, provided that the Stokes
solution has a high degree of regularity uniformly in time. Here in the case of our second order
method the solution of the Stokes equations has to satisfy a certain non-local compatibility
condition at the parabolic boundary being virtually uncheckable for given data, which can be
satisfied by a special initial construction.
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1 Introduction

Initial boundary value problems for parabolic equations can be reduced to boundary value problems
for equations of elliptic type, if finite differences in time are used. In the present paper we apply
elementary energy estimates to prove optimal convergence properties of an implicit second order
time stepping procedure for the unsteady Stokes equations

Ow—vAv+Vp = f
n (0,7) x G,
dive = 0 (1.1)

vog = 0, wvy= = o

These equations are important in hydrodynamics. They describe the motion of a viscous in-
compressible fluid, if the nonlinear term v - Vv of the corresponding Navier-Stokes equations is
ignorable small. In (1.1) the vector v = (vy(¢,x),va(¢, x),v3(t, x)) is the velocity field and the
scalar p = p(t, z) the kinematic pressure function of the fluid at time ¢ € (0,7) in z € G. The
constant v > 0 is the kinematic viscosity, and the external force density f together with the initial
velocity vg are given data. The condition div v = 0 means the incompressibility of the fluid and
vjpc = 0 expresses that the fluid adheres to the boundary G (no-slip condition). Throughout this
paper we consider (1.1) in a fixed cylindrical domain (0,7) x G, where 0 < T < oo is given and
G Cc R? is a bounded domain with a sufficiently smooth compact boundary 9G.

We consider an implicit time stepping procedure of second order for (1.1): Setting

T
h = —>0, ty,. = k-h (k=0,1,...,N),
N
we want to approximate the solution v, p of (1.1) at time ¢; by the solution v*, p* (k =1,2,...,N)
of a boundary value problem arising as follows: Addition of the implicit scheme

L kh
(”k;;’;” — A+ VpF = h%2 / f(t)dt
(k=3)h
and the explicit scheme
(vh=3 — b1 k—1 k—1 1 o
e vAvTT + Vp =B / f(t)dt
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leads to a second order procedure for (1.1). Here we approximate the solution v,p at time ¢, by
the solution v*, p* (k=1,2,...,N) of

oF — k-1 v 1 _ 1
( - )—§A(vk+vk+1)+§V(pk+pk b = - / f(t)dt
—1)h
Ch _— o ) ) (1.2)
divo® = 0, Vjpe = 0, v’ = vy in G.

This method is implicit for the sum (v¥ +v¥~1), and we can prove similar convergence statements
as for first order methods. Moreover, we show (see Theorem 3.3)

max [0 — v(ti)llnz-1() = 0(h'*t%) as h—0, i=0,1,2,

provided that the solution v is strongly continuous from [0,7] in the Sobolev space H*T/(G). It
is known (Temam [7]), however, that such an assumption is not realistic in general, not even if
the data f and vy are smooth: Heywood and Rannacher [3] have shown (see also Rautmann [5])
that any solution v of (1.1) being strongly H?(G) — continuous in [0,77], has to satisfy a non-local
compatibility condition at time ¢ = 0, which is uncheckable for given data. Nevertheless, we can
prove the above assertions: If, instead of the initial velocity, the initial acceleration ag = 0;v);—¢ is
prescribed such that its trace agjpe on the boundary G vanishes, then the corresponding Stokes
solution has the above required continuity property (see Proposition 2.3).

2 Notation and preliminaries

Throughout this paper, G C R? is a bounded domain with a compact boundary G of class C*.
In the following, all (vector-) functions are real valued. As usual, C§°(G) denotes the spaces of
smooth functions defined in G with compact support, and L?(G) is the Lebesgue (Hilbert) space
equipped with scalar product and norm

[ @@z, Al = (0t
G

respectively. The Sobolev (Hilbert) space H™(G), m € N=1{0,1,2,...}, is the space of functions
f such that 9% f € L2(G) for all & = (a1, as,a3) € N3 with |a| = oy + as + a3 < m. Its norm is
denoted by

1Al = Wllamey = | D 0°fIF) 0% = ofrag=o5e,

la|<m

where 0y, = ax (k=1,2,3) is a distributional derivative. The completion of C§°(G) with respect
to || - ||m is denoted by HI'(G) (HJ(G) = H°(G) = L?*(G)). The spaces C5°(G)3, L*(G)3,
H™(G)3,. .. are the corresponding spaces of vector fields u = (u1, uz,u3). Here norm and scalar
product are denoted as in the scalar case, hence, for example,

3
= Swen),  lull = (ww? /|u )2dz)} |
k=1

where |u(z)] = (u1(2)2 4 ua(z)2? + us(x)?)? is the Euclidian norm of u(z) € R3. The completion of
Coo (G = {ue C5(G)? | divu=0}

with respect to the norm || - || and || - ||; are basic spaces for the treatment of the Stokes equations

and denoted by H(G) and V(G), respectively. In H(G)? and V(G) we also use

3
(Vu, Vo) = > (Ou;, 0vy) | IVul| = (Vu, Vu)?
k,j=1
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as scalar product and norm. Moreover, we need the B-valued spaces C™(J, B) and H™(a,b, B),
m € N, where J C R is a compact interval, where a,b € R (a < b), and where B is any of the
spaces above. In case of CY(-,-) we simply write C(-, ), and we sometimes use H,V, H™, ... instead
of H(G),V(G), H™(G),..., if the domain of definition is clear from the context. Let

P:L*G)® — H(G)
denote Weyl’s orthogonal projection such that
L}(G)? = H(G)®{veL*(G)*|v=Vp forsome pc H'(G)}.

Because P commutes with the strong time derivative J;, from the Stokes equations (1.1) we obtain
the following evolution equations for the function (0,T") 5 ¢t — v(t) € H(G):

o(t) —vPAu(t) = Pf(1), v(0) = wvg. (2.1)

In this case, the condition div v = 0 and the boundary condition vjgg = 0 are satisfied in the sense
that we require v(t) € V(G) for t € (0,T). In the following proposition we collect some known
facts ([2, 7, 8]) about the solvability of the projected equations (2.1).

2.1 Proposition: Let vo € H*(G)* NV(G) and f € H'(0,T, H(G)). Then there is a unique
solution v of (2.1) in (0,T) x G such that v € C([0,T], H*(G)>*NV(Q)) and d;v € C([0,T), H(G))N
L?(0,T, H(G)3). Moreover, there is some constant K1 = K1(G,v, f,vo) independent of t € [0,T]
with

t
/IIVf)rv(T)szT < Ko @l < Ko, (0@ < Ky (E€[0,T]).
0

The property v € C([0,T], H*(G)*NV(QG)) is the highest possible spatial regularity uniformely
in time for any solution v of (2.1), if integer order Sobolev (Hilbert) spaces are used [5]. The next
proposition (see [3, 7]) shows that higher order spatial regularity uniformely in time is possible
only, if an additional compatibility condition is satisfied.

2.2 Proposition: Let vy and f be given as in Proposition 2.1, and let v denote the solution
of the Stokes equations (2.1) from Proposition 2.1. If in addition vo € H*(G)> NV (G) and f €
HY0,T,H*(G)*NH(Q)) with 9? f € L*(0,T, H(G)), then even v € C([0,T], H*(G)> NV (G)) with
o € C([0,T), H*(G)3* N V(G)) and 8?v € C([0,T], H(G)) N L?(0, T, H (G)?) if and only if

(vPAvo + £(0)) = 0. (2.2)
oG

In this case there is a constant Ko = Ko(G, v, f,v9) independent of t € [0, T] with

IN

t
[Iwezenipar < kar ool < Ko,
0

1wl < Kz, |l07v@®)]] < Ko (te[0,7).

IN

Because f = Pf, from (2.1) we see that the condition (2.2) means exactly

dv(0)],, = 0. (2.3)

This corresponds to the condition v(0)|ag = 0, if we differentiate the Stokes equations (2.1) one
time with respect to ¢t and consider the resulting equations as an initial value problem for the
acceleration dyv. Thus (2.3) is satisfied, if we prescribe an initial acceleration ag € V.
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2.3 Proposition: Let f € H'(0,T, H*(G)* N H(G)) with 82 f € L*(0,T, H(G)) as in Proposi-
tion 2.2, and let ag € H*(G)3> NV (G). Then there is a unique solution vy of the stationary Stokes
equations

—vPAvy = (f(0)—ap) in G (2.4)

such that vy € H*(G)? NV (G). The corresponding solution v of the unsteady equations (2.1) with
vo as initial value satisfies the compatibility condition (2.2), hence it has all regularity properties
asserted in Proposition 2.2 and satisfies all estimates given there.

3 Second order discretization

In contrast to a first order method, the second order procedure considered here requires more
regularity of the data f,vg in order to obtain second order convergence. Let us first assume
vo € HX(G)2NV(G) and f € L*(0,T,H(G)). Then, using the projector P, the system (1.2)
reduces to (h =T/N > 0)

kh
(F —oF=h —h % PA(W* +o%71) = / f®)dt, ¥ = . (3.1)
(k=1)h

Using well-known results from operator theory [2] and regularity statements for elliptic systems [1]
the following statements can be proved.

3.1 Proposition: (a) Let vg € H*(G)3* NV(G) and let f € L*(0,T, H(G)). Then there is a
unique solution v* € H?(G)> NV (G) of the system (3.1) for all k =1,2,...,N.

(b) If, in addition, f € L*(0,T, H*(G)?> N H(G)), then (v* +v*~1) € HY(G)? NV (G) for all
k=1,2,... N.

(c) If even vy € HY(G)* NV(G) and f € L?(0,T, H*(G)* N H(Q)), then v* € H*(G)> NV (G)
forallk=1,2,...,N.

To prove convergence statements for our method we investigate the discretization error
wh = oF —w(ty) (k=0,1,2,...,N).

Here v* is the solution of the system (3.1) and v(#;,) is the solution of the Stokes equations (2.1) on
[0,T] at time tx, = kh, h =T/N > 0. Using (2.1) and (3.1), a short calculation yields the identity

k_ o, k—1
wow - g PA(w® 4+ wk=1)
kh
v tpy — 1 t—tr—
- / (% PAw(th 1) + = PAw(t) — PAWD) )dt
(k—1)h
Thus we have b
(w® — wh=1) — 71/ PA(w® +w*™1) = —hwPAG*, (3.2)
where G* is defined by
kh
Gkt = n2 / ((tk —t)(v(t) —v(tg—1)) — (t — tg—1)(v(tx) — v(t)))dt. (3.3)
(k—=1)h
Now using
t kh
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from (3.3) we obtain

kh
GF = h72/ (ty — t) /31} YT — (t — tg— 1/31} dT (3.4)
(k=1)h (k=1)h

Moreover, replacing in (3.3) the Taylor expansions

t
v(t) = ov(tg—1)+ (t —tr—1)0:v(t) /(T—tk 1 82 (T)dr,
(k=1)h

kh

v(ty) = v(t)+ (tx — t)Opv(t) + /(tk —7)02v(7)dT

t

we find
kh t kh
2 / (- / (7 — tee1)Po(r)dr + (t — te1) / (tx = T)O20(r)dr ). (3.5)
(k—1)h (k—1)h t

Depending on the regularity of the solution v, the representation (3.3), (3.4) and (3.5) of G* will
be used for the following estimates of the discretization error.

3.2 Theorem: Let vy € H*(G)>* NV(G) and f € HY(0,T, H(G)) be given. Let v denote the
solution of the unsteady Stokes equation (2.1) in [0,T] from Proposition2.1. Leth =T/N >0 (N €
N) and let v* for k = 1,2,...,N (v° = wvg) be the solution of the system (3.1) as constructed in
Proposition 3.1 (a). Setting ty = kh, let w* = v* —v(ty) (k =0,1,...,N) denote the discretization
error. Then

max|[w*|| = O(h), max||(w* +w* )|l = O(h?), max||(w*+w* ), = o(1)

as h = 0 (or N = 00). In particular, we have

k
h . .
Rl + 2SIV w P < vk (36)
=1

with the constant K1 from Proposition 2.1, and
hv k . -
12812+ - DIV + 27791F = (1) (3.7)
j=2

ash — 0 (or N — 00), whereZk:%forkzl,Q,... N.

)

In the next theorem we investigate the convergence properties of the second order scheme for
Stokes solutions satisfying the compatibility condition (2.2):

3.3 Theorem: Let v € C([0,T], HY(G)? N V(Q)) denote the Stokes solution constructed in
Proposition 2.3. Let h = T/N > 0 (N € N), and let v* for k = 1,2,...,N (v° = vg) be the
solution of the second order scheme (3.1), constructed in Proposition 3.1 (c). Setting ty, = kh, let
wh = v —w(ty) (k=0,1,...,N) denote the discretization error. Then

max |[w*|| = O(h?), max|w*||; = O(h%), max |[w*|[y = O(h) as h—0.

More precise, we have

k
h ) )
w2+ =2 DIV 4w P < avk b (3.8)
Jj=1
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k
h , ,

Vw2 + Z” STIPAW +wi NP < 16K, h?, (3.9)

J=1

k .
V[[PAWH|[P+ 0 IVZI|P < 8Ky b2, (3.10)
j=1
where Z% = % fork=1,2,...,N and K5 is the constant from Proposition 2.2.

Proof: (a) Multiplying (3.2) scalar in L? by the term (w* + w*~1) yields
h
[Jw®[[* = w2 + Zy IV(w* +w I[P < h|| VGH|2. (3.11)

This time, the norm on the right hand side can be estimated using the representation (3.5) of the
right hand side G*. This leads to the estimate

hv||VGF)?
kh t kh
< 1/h72/ ||(tk—t)/ (’T—tkfl)a?.vv(T)dT-f—(t—tk71)/(tk—T)@?.V’U(T)d‘l‘”2dt
(k—1)h (k—1)h p
kh t kh
< 2uh_2/ It — 1) /(T_tk_l)azw(T)dTHu||(t_tk_1)/(tk_T)asz(T)dTH? dt .
(k=1)h (k—1)h t
Because
t kh
=) [ =tV < B[ 1= ) 02Ve(r)ar]
(k—1)h (k—1)h
kh
< / (7 = to_1) D2V (r)|Pdr
(k—1)h
kh
< 1 [ Je2ven)|Par.
(k=1)h
and, analogously,
kh kh
(6= ter) [ =) 2Vetriarl? < 10 [ (102vu(r))Par
t (k—1)h
we obtain the desired estimate:
kh
h||VGF2 < Bt 4y/\|a$vv(7)||2do. (3.12)

(k—1)h

Hence summation of (3.11) gives

j=1

3 T
h , ,
b+ 5 ST+ P < [ j0Rve) e,
0
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which implies (3.8) by Proposition 2.2. In particular, we find max ||w*|| = 0(h?) and max ||V (w* +
wF N2 = 0(h3/?) as h — 0 (or N — 00).

(b) Multiplication of (3.2) by —PA(w* + w*~!) scalar in L? yields
k)2 k12, I k k—1y[12
IV |” = [V + - [[PA(w® +w™ ]|
= h(PAGF, PA(w® +w*™1))

2 (W) PAGE )| ()} PAGH|

IN

h ,
TIPA@ + w2 4 bl PAGH?,

IN

hence b
V|| — [V [? + Z,, IPA(w* +w" N[> < h||[PAGF|?. (3.13)

Now we have to use both representations (3.4) and (3.5) of G* to estimate the right hand side of
(3.13). Using (3.4) and differentiating the Stokes equations with respect to ¢ we find

kh t kh
vPAGF = h’2/ (tr 713)/(672.1)(7') — 0. f(1))dT — (tftk_l)/(azv(T) — 0, f(1))dr] dt, (3.14)
(k—1)h (k—=1)h t
hence
IWWPAGHE < 2h / I9(@20(r) — 0, 4| P
(k—1)h
kh kh
< an( [ @Eveears [ 10vi@Par) (3.15)
(k—1)h (k—1)h
= 4h (S1+ Ss).

On the other hand, (3.12) implies h2||[VG¥|| < 2h2(S;)2, and it follows

hv||PAGF|)? = W(PAGF,vPAGF)
= —h(VG* vVPAGF)
< h||VG*|| [[vVPAGH||
< AR3(S1)3(S1 + S2)?
< 4h3(Sy 4 S,),
hence
kh kh
hv||[PAGF||? < 4h3 /|\62vu )|2dT + / |0,V f(1)||%dr | . (3.16)
(k=1)h (k=1)h

Now summing up (3.13) with (3.16), we obtain

T
hz/
19wk|? + ZHPA (w) + w2 < 4h3/ (1B2Tu(0)]]2 + 18,V £ (1)) dt
0
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which implies the desired estimate (3.9) if we choose the constant K5 in Proposition 2.2 such that
T
[lavslre < K.
0

In particular, we obtain the optimal order of convergence in H', i.e. max ||w*||; = 0(h?) as h — 0
or N — oo. This follows using the inequality of Poincare again.

(c) Finally, multiplication of (3.2) scalar in L? by —PA(wk — w*~1) leads to

IV (w" — " H)[* + % (IPAW|]* = PA|[w*H|*) = h(PAG, PA(w" —w* 1))

—h(VPAGF, V(w" — wF 1))
h||VPAGH|| |V (" — w* )]

IN

IN

3 (IWVPAGH + [V (" —u*)]?),

hence by (3.15)
IV (w® = w ™ )[[* + ho(|[PAw*|* = PA[*'[?) < K[V PAGH|?

kh kh
< W /||a£vy(T)||2dT+ / 10,V ()| 2dr
(k=1)h (k—=1)h
From this we conclude
h & V(wl —wi=t) 4 r
L Sl el N G (A OIS CAH TIPS
j=1 0

which implies (3.10), choosing the constant K from Proposition 2.2 as before. By means of
Cattabriga’s estimate ||ull2 < cq||PAul| ([1], see also [3], p. 280) this ensures a linear order of
convergence in H2(G) : max ||wk||y = 0(h) as h — 0 (or N — o0). This proves the theorem.

References

[1] Cattabriga, L.: Su un problema al contorno relativo al sistema di equazioni di Stokes.Sem.
mat. Univ. Padova 31 (1964), 308-340.

[2] Fujita, H., Kato, T.: On the Navier-Stokes initial value problem. I. Arch. Rat. Mech. Anal. 16
(1964), 269-315.

[3] Heywood, J. G., Rannacher, R.: Finite element approximation of the nonstationary Navier-
Stokes problem. I. Regularity of solutions and second-order spatial discretization. Siam J. Nu-
mer. Anal. 19 No. 2 (1982), 275-311.

[4] Ladyzhenskaya, O. A.: The mathematical theory of viscous incompressible flow. Gordon and
Breach, New York London Paris, 1969.

[6] Rautmann, R.: On optimum regularity of Navier-Stokes solutions at time ¢ = 0. Math. Z. 184
(1983), 141-149.

[6] Temam, R.: Navier-Stokes Equations. North-Holland, Amsterdam-New York, Oxford, 1977.

[7] Temam, R.: Behaviour at time ¢ = 0 of the solutions of semilinear evolution equations. J. Diff.
Equa. 43 (1982), 73-92.

[8] Varnhorn, W.: The Stokes equations. Akademie Verlag 1994.





