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Abstract

The accumulation of soot within the porous microstructure of catalytic filters (CFs) impacts
the overall performance of the device, making the prediction of soot distribution a major
challenge in the design of CFs. We previously developed a neural network that leverages
convolutional autoencoders and fully-connected layers and demonstrated that this network
can effectively estimate the distribution of deposited soot within two-dimensional model mi-
crostructures. In this contribution, we expand on the previously devised model, by exploring
its possible extension to processing three-dimensional data from real-world catalytic filter mi-
crostructures. Specifically, we examine and compare three principally different approaches
to generating three-dimensional estimates, spanning from a posteriori reconstructions to the
application of fully three-dimensional convolutional networks.
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1 Introduction

Catalytic filters are devices used in automotive exhaust gas aftertreatment to execute particulate
matter filtration and chemical gas conversion simultaneously, thus reducing costs and spatial re-
quirements. However, due to the higher complexity of catalytic filters, compared to multi-device
aftertreatment systems, the overall CF performance is generally more sensitive to the morphol-
ogy of their porous microstructure, including the catalytic coating [1]. Consequently, models for
prediction of in-operation soot deposition are crucial for CF development.

Meanwhile, artificial neural networks might present a potentially promising tool for modelling
particle deposition, as they have been shown to act as computationally efficient surrogates for nu-
merical computational models [2]. In our previous work, we have designed an artificial neural net-
work, which can efficiently predict the spatial distribution of particles deposited in two-dimensional
model microstructures [3], serving as an alternative to a numerical model based on computational
fluid dynamics (CFD). However, in order to find use in real-world CF development, the model must
be improved in two key directions. First, the model must be extended to facilitate the estimation
of three-dimensional particle distributions in real CF microstructures. Second, since the temporal
evolution of the spatial deposit distribution is ultimately sought, the model must be adapted to
allow for time-resolved estimates.

In this paper, we focus on the first of the two aforementioned tasks, namely, we explore pos-
sible extensions of the existing model to process three-dimensional data. In the following, we
first briefly introduce the numerical model that was used to generate the training data for our
neural network. Then, we discuss the architecture of the data-driven model and the foundational
elements of the neural network used. Specifically, we focus on deep neural networks and convolu-
tional autoencoders. Subsequently, we examine and compare three principally different approaches
to generating 3D estimates. The first possible approach is to leave the network architecture un-
modified and only add a post-processing step of reconstructing the 3D estimate from 2D slices.
The second approach is to provide the network with additional spatial data from neighbouring 2D
slices to enhance the estimates. The last option is to create a fully three-dimensional network that
would provide 3D estimates of the soot distribution based on 3D input data.
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2 Mathematical model

Full-order numerical model. Our previously developed numerical solver [4] was used to pre-
pare training and validation data for the neural network. This CFD solver leverages a partially
two-way coupled approach to modelling particle accumulation inside the filter microstructure.
During simulation, the flow field inside the microstructure is first calculated under steady-state
conditions, assuming that suspended soot particles have no effect on the flowing gas. The flow of
the gas is described by the momentum and mass balance equations for an incompressible fluid,

∇ · (u⊗ u)−∇ · (ν∇u) = −∇p̃+ s ,

∇ · u = 0 ,
(1)

where u is the fluid velocity, ν is the fluid kinematic viscosity and p̃ is the kinematic pressure,
which are solved using the SIMPLE algorithm as implemented in the OpenFOAM framework [5].
Note the source term s on the right-hand side of the momentum balance in (1), which is added
within the catalytic coating and the accumulated soot to represent the additional resistance of the
flow in these porous zones using the Darcy permeability law.

In the precalculated velocity field u, the particle trajectories are subsequently evaluated ac-
cording to Newton’s second law of motion in the form

m
d2r

dt2
= FD + FB , (2)

where r is the particle location vector, t is the time and m is the particle mass. The drag force FD

depends directly on the fluid velocity field via modified Stokes’ law [6], and FB is the random
Brownian force [7]. Once a particle comes into contact with the substrate, catalytic coating, or
accumulated soot, it is considered trapped. The trapped particles are then periodically added to
the computational mesh, so that they contribute to the aforementioned source term s in (1) during
subsequent reevaluations of the flow field.
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Figure 1: General structure of the neural network model used in this work.

Artificial neural network model. The neural network aims to estimate the distribution of the
deposits of soot particles measured by volume fraction of soot in a cell ϕs at an a priori selected time
based on computationally easily available data: the porous microstructure z and the precalculated
velocity field u0 in the clean microstructure. Fields are represented as arrays of discrete values
that correspond to cell data from an orthogonal structured computational mesh. The network then
always operates on a small segment of the entire domain.

Previously, we have devised a suitable neural network architecture to process such structured
high-dimensional data, which was shown to provide good qualitative estimates of particle de-
posits [3]. The network was implemented in the Keras TensorFlow [8, 9] framework. Altogether,
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our neural network model, as depicted in Figure 1, leverages two encoders labelled Ez and Eu
to process input data – the discrete representations of microstructure zh and the clean velocity
field uh

0 – and one decoder Dϕ to reconstruct the estimate of the soot volume fraction field ϕ̂h
s

at the output. Between these components, the fully-connected network N estimates the latent
representation of the soot distribution as ϕ̃ = N (z̃, ũ0).

The framework building blocks, that is, (i) the autoencoders for microstructure representation,
clean velocity field, and soot distribution; and (ii) the fully-connected network N are trained
separately. The essential theoretical background on these structural elements is briefly covered in
the following. For further details, the reader is referred to the literature [10].

Fully-connected networks. In principle, a neural network is a composed parametric func-
tion g(x;θ) that can act as an approximation of any given function f(x). The quality of the
approximation, which is measured by the so-called loss function, then depends (i) on the structure
(and capacity) of the neural network and (ii) on the values of parameters θ. To reach optimal
parameter values θ∗, such that minimises the loss function, some kind of learning algorithm must
be employed, which can adjust parameter values based on samples containing inputs x and out-
puts y = f(x). This is called supervised learning, and the most common learning algorithms are
variants of gradient descent with gradient evaluation via backpropagation.

In the case of multilayer perceptron, the network function g is composed of individual layers,
where each layer corresponds to a composed function in the form a (W o), where a is the non-
linear activation function (applied elementwise) and W o is the linear combination of the outputs
of the previous layer o, formally extended by a unit element for bias, with coefficients given by
the weight matrix W . Note that each element of any given layer is then dependent on all the
outputs in a previous layer, and the number of trainable parameters per layer corresponds to the
elements of the weight matrix W (that is, n2 + n, where n is the number of neurons per layer,
which is assumed constant for simplicity). Consequently, the total number of trainable parameters
for the m layers of n neurons in each is mn2 +mn, and the computational complexity of forward
propagation is O(mn2) assuming naive implementation of matrix multiplication. Note that in
practice, the number of neurons per layer may vary.

Convolutional neural networks. Convolutional networks are structurally similar to the fully-
connected networks discussed in the previous paragraph. Their layers are connected via transfor-
mation, which is based on a discrete convolution operation. We will denote M ∗K the convolution
of matrices M ∈ Rm×m and K ∈ Rk×k, where the matrix K is referred to as convolution kernel.
The convolution operation is then defined as

(M ∗K)qp =
ℓ∑

u=−ℓ

ℓ∑
v=−ℓ

(M)q+v
p+u (K)ℓ+v+1

ℓ+u+1 , p, q = 1, 2 . . . ,m ,

assuming k = 2ℓ+1, and zero padding of the matrix M , so that (M)ji = 0 if (i, j) /∈ {1, 2, . . . ,m}×
{1, 2, . . . ,m}. The extension of the definition to three-dimensional arrays is then straightforward.
Note that since the kernel K is usually much smaller than the matrix M , k ≪ m, the number of
trainable parameters k2 is significantly smaller than in the case of fully-connected networks.

In practice, each convolutional layer in a network usually contains several so-called filters.
The values in each filter are obtained as a non-linear transformation of parameter-weighted linear
combination of convolutions of the filter values from the previous layer. If we consider a constant
number of filters f between m identical layers, this results in mf2 k2 trainable parameters for
2D convolutional layers and mf2 k3 for 3D convolution (independently on the dimensions of the
layer). The computational complexity of 2D convolution is O(n f2 m2), where n is the number
of layers, f is the number of filters, k is the kernel size, and m is the layer size. Once again, we
assume naive implementation of the convolution algorithm.

Furthermore, convolutional layers usually contain strides or they are paired with pooling or
dropout layers, which help to progressively decrease the overall layer size. For example, the maxi-
mum pooling layers, used in this work, are based on the transformation

(N)p,q = max
u=1,2,...,k
v=1,2,...,k

(M)q k+v
p k+u , p, q = 1, 2 . . . ,

m

k
,
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where k is the pool size, which is in fact the layer size reduction factor. For their ability to decrease
amounts of data and extract important information, convolutional networks are often used in image
processing for feature detection. For the same purpose, our artificial neural network for particle
deposit estimation employs these layers in the autoencoders.

Convolutional autoencoders. The overall neural network contains three components taken
from convolutional autoencoders, which are trained separately in advance. Generally, an au-
toencoder f is a type of neural network designed to reproduce its input x so that f(x) ≈ x.
Furthermore, the autoencoder function f can be viewed as a composed function combining an
encoder function E(x) and a decoder function D(x̃), where x̃ = E(x) is the latent representation
of the input x. Since the autoencoder has a bottleneck-like structure, it is expected that the
low-dimensional latent representation x̃ captures important information from the full-dimensional
input x.

3 Results

Simple reconstruction. The most straightforward approach to generate three-dimensional es-
timates is a simple reconstruction from two-dimensional estimates. Since the two-dimensional
segments can be seen as slices of a three-dimensional structure, they can be stacked to form a
composed three-dimensional estimate, as demonstrated in Figure 2a. Using this approach, multi-
ple reconstruction options are possible, because the cube-shaped array can be sliced into a series
of squares in each of all three axis-wise directions. In the example shown, an average of the axis-
wise estimates is used. A comparison of composed 2D estimates from axis-wise directions, which
constitute the averaged data, is shown in Figure 2b.
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Figure 2: Exemplary (a) 3D estimate reconstructed from averaged (b) 2D estimates.

While the simple 2D network is computationally cheap, because it relies only on 2D convo-
lutional layers, the resulting reconstructed 3D estimates contain artefacts, which appear when
the constituent neighbouring 2D slices contain varying amounts of soot. Besides that, the recon-
structed 3D estimates preserve (or slightly improve upon) the quality of 2D estimates measured
by root mean squared error (RMSE), binary cross-entropy (BCE), and total amount of soot per
sample (INT) defined as

BCE(ϕs, ϕ̂s) = − 1

n

n∑
i=1

(
ϕ[hrmsi ln ϕ̂si + (1− ϕsi) ln(1− ϕ̂si)

)
,

RMSE(ϕs, ϕ̂s) =

√√√√ 1

n

n∑
i=1

(ϕ̂si − ϕsi)2 ,

INT(ϕs, ϕ̂s) =
|Σ̂s − Σs|

max{Σ̂s,Σs}
, Σs =

n∑
i=1

ϕsi , Σ̂s =

n∑
i=1

ϕ̂si ,

where ϕsi is the value of volume fraction of soot in the i-th cell of total n cells in each sample.
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Extended 2.5D network. In order to actually include three-dimensional data in the generation
of two-dimensional estimates, the network was modified to use 3D convolutional layers, so that two
additional slices are included with each input. The three slices at the input make up a 3D slab,
the middle of which corresponds to the subject of estimation. The 3D reconstruction is then
performed in a manner similar to that described in the previous paragraph. Note that although
three-dimensional convolutional layers are used in this model, the pooling layers are, in fact, only
two-dimensional.

CFD 2D ANN 2.5D ANN

simulation reconstruction

estimate

reconstruction

estimate
substrate

coating
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Figure 3: Two-dimensional slice from a selected validation sample – autoencoder reconstructions
and model estimates based on 2D and 2.5D networks compared against CFD simulation.

This approach was expected to reduce the reconstruction artefacts described in the previous
paragraph, because the additional information from neighbouring slices should, in theory, lead to
smoother transitions between the layers. However, due to the generally low quality of the individual
2.5D autoencoder reconstructions, the estimates are generally worse compared to the results from
the 2D network. The poor quality of autoencoder reconstructions is illustrated by a comparison
between the 2D and the 2.5D networks shown in Figure 3 as well as the significantly increased
autoencoder INT loss in Table 1a). With improved autoencoder performance, this model might
prove usable and will be tested further in future work.

Fully 3D network. The network with 3D convolutional layers was further extended to include
not just the neighbouring slices, but a full cube-shaped array of equivalent side length. The output
of this network has the same shape as the input, which makes the autoencoders used fully three-
dimensional.

Although this was done with the initial expectation of improving the quality of the estimates
at the expense of longer network training times, we encountered two problems. First, a significant
reduction in the size of the training dataset occurs, as each 3D sample corresponds to ℓ3 data-points
of the original domain, where ℓ is the sample side length, whereas in the 2D case, each sample
corresponds to ℓ2 cells. Hence, the number of distinct training samples shrinks by a factor of 3ℓ.

Another problem may be caused by the cubic reduction in the amount of information between
layers of the 3D encoder. Each 3D pooling layer (with pool side length equal to 2) changes the
amount of data-points by the factor of 1

8 , whereas a 2D pooling layer preserves 1
4 -th of the data-

points. Consequently, for an encoder with three layers, the ratio of latent dimension to the original
sample size is more than 10 times smaller for the 3D encoder compared to the 2D one.

To mitigate the described issues, we reduced the sample side length from ℓ = 64 to ℓ = 16
and increased the number of autoencoder inner filters from 4 to 16 (compared to the configuration
used for the 2D and 2.5D networks). The resulting estimates of the 3D network are comparable
to those obtained by averaging the results of the 2D network, see Figure. 4. Although there is an
increase in the mean RMSE and INT losses, indicated in Table 1, the INT loss of the autoencoder
reconstruction remains low, suggesting that the autoencoder is able to preserve the amount of
deposited soot well.
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Figure 4: Examples of reconstructed 3D soot distribution estimates (ℓ = 64) from the validation
dataset.
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(a) Autoencoder

2D 2.5D 3D

# params 2,489 5,945 95,329

BCE [−] 0.02 0.06 0.02

RMSE [%] 2.6 5.1 2.8

INT [%] 3.7 43.7 4.3

(b) Estimator

2D 2.5D 3D

# params 267,701 537,845 368,977

BCE [−] 0.02 0.05 0.04

RMSE [%] 4.1 4.8 6.7

INT [%] 41.5 51.5 55.6

Table 1: Comparison of selected metrics evaluated on the validation dataset for (a) the soot volume
fraction field autoencoder reconstructions and (b) the overall estimates.

4 Conclusions

We have implemented three different proof-of-concept methods for extending our previously devel-
oped artificial neural network model, all of which allow us to obtain three-dimensional estimates
of the spatial distributions of particles deposited inside a porous filter. Although the simple recon-
struction method is straightforward to implement and very computationally efficient, its ability to
fully exploit three-dimensional aspects of the data is rather limited, which leads to reconstruction
artefacts. In comparison, the 2.5D and fully 3D networks are based on three-dimensional con-
volutional layers, allowing them to access the spatial aspects of the three-dimensional problem.
However, these networks are more challenging to train, which is reflected in training time as well
as achieved estimation quality. Nevertheless, it has been shown that the simple two-dimensional
reconstruction method preserves qualities of the 2D estimates, and thus it has been established as
a baseline, against which future modifications of the networks based on 3D convolutional layers
may be tested.
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