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Abstract

This paper presents a numerical study of a complete fluid-structure interaction (FSI) problem
of incompressible fluid flow interacting with a flexible supported airfoil whose motion is de-
scribed by two degrees of freedom. The governing equations for the fluid flow are formulated
in the arbitrary Lagrangian-Eulerian (ALE) framework and coupled to a system of ordinary
differential equations describing the airfoil motion. The numerical solution is obtained using
the finite element method (FEM), where both the Taylor-Hood (TH) and Scott-Vogelius (SV)
elements are used. Stabilization techniques, including the streamline upwind Petrov-Galerkin
(SUPG) method and grad-div stabilization, are applied to treat convection dominance and
numerical oscillations. The results are validated against theoretical benchmarks, confirming
the robustness and accuracy of the presented methods.

Keywords: finite element method, arbitrary Lagrangian-Eulerian method, Scott-Vogelius ele-
ment, Taylor-Hood element.

1 Introduction

The study of fluid-structure interaction (FSI) plays a significant role in many engineering and
scientific applications, such as the design of light aircraft drones, or other subsonic blade machines.
In particular, the interaction between incompressible fluid flow and rigid structures requires a
robust mathematical and numerical framework to capture all the physical phenomena, see [1, 2].

This paper addresses the problem of an interaction between an airfoil with an incompressible
fluid flow. The fluid is governed by the incompressible Navier-Stokes equations, while the airfoil’s
motion is modeled as a rigid body with two degrees of freedom: vertical (bending) and angular
(pitching) displacements. To effectively handle the moving domain, the arbitrary Lagrangian-
Eulerian (ALE) framework is used, see [3, 4].

The numerical solution of the governing equations is performed using a finite element method
(FEM). To guarantee the stability of the scheme, it is necessary to use the velocity pressure pair
which satisfies the Babuška-Brezzi (BB) inf-sup condition, see [5]. In this paper, two such elements
are considered: the Taylor-Hood (TH) and the Scott-Vogelius (SV) elements, see [5]. The first one
provides a stable approximation of velocity and pressure but satisfies the divergence constraint
only discretely. To improve this, the second element is employed, which strongly guarantees the
divergence constraint. On the other hand, the mesh has to be created as a barycentric refinement
of a regular triangulation, to guarantee BB stability, see [5].

The main application includes the convection-dominated problem, hence the stabilization meth-
ods must be applied, including the streamline upwind Petrov-Galerkin (SUPG) method for the TH
element and classical streamline diffusion for the SV element, see [6]. Furthermore, grad-div stabi-
lization is employed to mitigate nonphysical oscillations in the discretization with the TH element,
see [7].

The purpose of this work is to compare the performance of these two elements in the context
of an FSI problem that is the flow around the NACA0012 airfoil with two degrees of freedom. The
two discretization techniques are compared with each other and with aero-elastic theory or with
the nastran predictions, see [8, 9].
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2 Governing equations

This section presents the mathematical formulation of the fluid-structure interaction (FSI) problem.
The fluid flow is governed by the incompressible Navier-Stokes equations, which consist of the
momentum and continuity equations. The moving domain is treated by the arbitrary Lagrangian-
Eulerian (ALE) framework. The flow problem is equipped with appropriate initial and boundary
conditions. The airfoil vibrations are described by a system of ordinary differential equations.

2.1 Incompressible fluid flow model

Let us assume a bounded computational fluid domain Ωt ⊂ R2 with a continuous Lipschitz bound-
ary ∂Ωt for every t ∈ [0, T ). The boundary ∂Ωt consists of three separate parts ∂Ωt = ΓD∪ΓO∪ΓWt

,
where ΓD denotes the inlet, ΓO represents the outlet, and ΓWt

is the surface of the airfoil.
In order to discretize the flow problem on a moving domain, the ALE method is employed. The

ALE approach is based on the ALE transformation At, defined by

At : Ω0 → Ωt, X 7→ x(X, t) = At(X), X ∈ Ω0, t ∈ (0, T ). (1)

The ALE transformation is an extension of the mapping which projects the reference position of
the interface ΓW0 on the structural position ΓWt (here the subscript 0 means the position in the
reference domain Ω0) for a detailed description, see, e.g., [4].

The incompressible Navier-Stokes equations in the ALE formulation reads: we seek the pair of
velocity u(x, t) : Ωt → R2 and the kinematic pressure p(x, t) : Ωt → R which for any t ∈ (0, T ) in
Ωt satisfy

DA

Dt
u+ [(u−w) ·∇]u− ν∆u+∇p = 0,

∇ · u = 0,

(2)

where ν denotes the kinematic viscosity, DA

Dt represents the ALE derivative, and w = ∂At/∂t
means the domain velocity, see [2]. The problem (2) is fulfilled by the initial condition

u(x, 0) = u0 in Ω0, (3)

and by the boundary conditions

u(x, t) = g(x, t) on ΓD × (0, T ], (4a)

u(x, t) = w(x, t) on ΓWt , t ∈ (0, T ], (4b)

−(p− pref )n+ ν
∂u

∂n
= 0 on ΓO × (0, T ], (4c)

where n is the unit outward normal vector to ∂Ωt and pref is a reference pressure value at the
outlet. Here, Eq. (4a) is the no-slip condition, (4b) is the condition that guarantees that the flow
is attached to the airfoil, and (4c) is the so-called do-nothing condition, see [10].

2.2 Airfoil Motion

An airfoil is assumed to be a rigid body with two degrees of freedom (i.e., oscillating both vertically
(bending) and angularly (pitching) about the elastic axis EO), see Fig. 1. Under the assumption
of small amplitude motion, the governing equations are given by

mḧ+ khhh+ Sαα̈+ dhhḣ = −L(t), (5a)

Sαḧ+ Iαα̈+ kααα+ dααα̇ = M(t), (5b)

where h is the translational displacement (bending), ḣ is the translational velocity, ḧ is the trans-
lational acceleration, α is the angular displacement (pitching), α̇ is the angular velocity, and α̈ is
the angular acceleration. In Eq. (5a), m denotes the airfoil’s mass, the coefficient khh represents
the stiffness, while Sα is the static moment about the elastic axis EO. The damping coefficient
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is denoted as dhh, and L(t) represents the external time-dependent lift. Eq. (5b) includes the
moment of inertia Iα, the torsional stiffness kαα, and structural damping in torsion dαα. Lastly,
M(t) is the aerodynamic torsional moment, considered positive in the clockwise direction, for a
detailed description see [4]. The system (5a-5b) is equipped with the initial conditions that define
the values h(0), α(0), ḣ(0), α̇(0).

3 Discretization method

Firstly, the problem (2) is semi-discretized in time. The constant time step ∆t > 0 is taken and
the time interval (0, T ) is equidistantly divided into time intervals (tn, tn+1) with tn = n∆t. Then,
the velocity and the pressure at each time step tn ∈ (0, T ] are approximated as

un(x) ≈ u(x, tn), pn(x) ≈ p(x, tn), for x ∈ Ωtn . (6)

Similarly, the domain velocity w at time tn+1 is approximated as

wn+1(x) ≈ w(x, tn+1), for x ∈ Ωtn+1
. (7)

Finally, the ALE derivative is approximated at fixed time step tn+1 by the second-order two-step
backward difference formula (BDF2), as a result the implicit scheme is obtained in the form

3un+1 − 4ũn + ũn−1

2∆t
+ ((un+1 −wn+1) ·∇)un+1 − ν∆un+1 +∇pn+1 = 0,

∇ · un+1 = 0,

where ũi represents the transformed velocity ui from Ωi onto Ωn+1, i.e., ũ
i = ui ◦Ati ◦A−1

tn+1
, see

[3].

3.1 Finite element method

The finite element discretization of Problem (8) begins with the so-called weak formulation, which
is introduced in the standard way. To this purpose, the simplified notation at the fixed time instant
tn+1 is used: u = un+1, w = wn+1, p = pn+1, and Ω = Ωtn+1 . Moreover, the velocity test space
V and the pressure test space Q are defined as

V =
{
φ ∈ H1(Ω) : φ(x) = 0 ∀x ∈ ΓD ∪ ΓW

}
, Q = L2(Ω), (8)

where H1(Ω) = [H1(Ω)]2 denotes the vector Sobolev space and L2(Ω) is the Lebesgue space, see
[11]. Additionally, the scalar product is denoted by (u,v)Ω =

∫
Ω
u ·v dx in L2(Ω) and the trilinear

form is given by c(u,v,w) =
∫
Ω
[(u · ∇)v] ·w dx. Additionally, the following forms are introduced

a (U∗, U, V ) =
3

2∆t
(u,v)Ω + ν(∇u,∇v)Ω + c(u∗ −w,u,v)− (p,∇ · v)Ω − (∇ · u, q)Ω,

F (V ) =
1

2∆t
(4ũn − ũn−1,v)Ω, (9)

where U∗ = (u∗, p∗), U = (u, p), and V = (v, q), see [5].
Let us take arbitrary test functions v ∈ V and q ∈ Q, multiply Eqs. (8). Furthermore, integrate

over the domain Ω and by some mathematical operations the weak formulation is gained in the
form: Find U = (u, p) ∈ V ×Q which satisfy

a (U,U, V ) = F (V ), ∀V ∈ V ×Q, (10)

and u the conditions (4a-4b). In order to solve nonlinear problem, the so-called Oseen’s lineariza-
tion is used, see [4].

To apply the finite element method (FEM), an admissible triangulation of the domain Ω is
assumed, see [12]. On this triangulation, finite element (FE) subspaces are defined, generally
consisting of piecewise polynomial functions. The choice of velocity and pressure spaces must
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satisfy the Babuška-Brezzi inf-sup condition, which is necessary for the stability of the numerical
scheme, see [5]. This paper considers two such elements. The first is the so-called Taylor-Hood
(TH) element:

Vh =
{
φ ∈ C(Ω) : (φ

∣∣
K

∈ P2(K),∀K ∈ τh)
}
∩ V , (11)

Qh =
{
φ ∈ C(Ω) : (φ

∣∣
K

∈ P1(K),∀K ∈ τh)
}
. (12)

TH element satisfies the BB condition on a regular triangulation, but the divergence constraint is
satisfied only discretely, see [6]. This issue is addressed by using the Scott-Vogelius (SV) element,
which is pressure-robust. In this case the velocity space remains defined as in (11), while the
pressure space is replaced by discontinuous piecewise linear element:

Qdisc
h =

{
φ : Ω → R : (φ

∣∣
K

∈ P1(K),∀K ∈ τh)
}
. (13)

The SV element satisfies the BB condition, provided that a barycentric refinement of a regular
triangulation is used. As the pressure is continuous only within each element and the mesh is
refined, consequently, computations are significantly more expensive when using the SV element.
On the other hand, the divergence constraint is strongly satisfied.

On the FE spaces mentioned above, the discrete problem (10) reads: Find Uh ∈ Vh×Qh which
satisfy

a (Uh
∗, Uh, Vh) = f(Vh), (14)

for all Vh ∈ Vh ×Qh.
The problem (14) requires stabilization in the considered case of flows with dominated convec-

tion, see [13]. The classical streamline upwind Petrov-Galerkin (SUPG) method is used with the
TH element, but the SV element is stabilized by using classical streamline diffusion, as it cannot be
applied with the SV element due to the coupling of pressure p and velocity u, see [14, 15]. Moreover,
as the TH element satisfies the divergence constraint only discretely, the grad-div stabilization is
employed, see [7, 16].

4 Numerical experiments

In this section, the numerical results of both described methods are compared with the available
reference data.

EA
α

M(t)

L(t)

h

Figure 1: Structural set-up of the NACA0012 airfoil.

The ALE transformation is approximated by using the pseudo-elastic approach, see [3]. For
space discretization of the Navier-Stokes equations, the SV and TH elements are considered while
the ALE derivative is approximated by the BDF2. The structural motion (5a-5b) are approximated
by the 4-th order Runge-Kutta method. A strong coupling algorithm is used, as described in [3].

The test case is the complete fluid-structure interaction problem, where the results obtained by
both elements are compared with each other, with the NASTRAN prediction, see [9], and with the
aero-elastic theory, see [8]. In this paper a grid with 22571 vertices and 44296 triangular elements
was used. The total number of unknowns (degrees of freedom / DOF) was 201447 for the TH
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element. For the case of the SV element the mesh with 17163 vertices, 33930 elements, and total
231790 DOF was used with the Scott-Vogelius (SV) element. The grid was refined in order to
capture the boundary layer around the airfoil and the wake behind it.

The following quantities are considered: m = 0.086622 kg, Sα = 0.000779673 kg m, Iα =
0.000487291 kgm2, khh = 105.109 N/m, kαα = 3.695582Nm/rad, l = 0.05 m, c = 0.3 m. Here, l
is the depth of the airfoil and c is its chord length. The proportional damping coefficients are
considered in the form dhh = ϵfkhh and daa = ϵfkaa, where we choose ϵf = 10−3. In addition, the
fluid properties are ρ = 1.225 kg/m3, ν = 1.5× 10−5 m/s2.

The far-field velocity (Uref ) is varied to examine the structural response to a given initial
displacement. The values of Uref considered are Uref ∈ [2, 35], which yields the Reynolds number
Re = Urefc

ν in the range 4×104 to 7×105. The structure’s initial conditions are specified as follows

h(0) = h0 = 20mm, ḣ(0) = 0, α(0) = α0 = 6◦, α̇(0) = 0.

In Figs. 2, the flow field is presented for Uref = 8m/s. It can be seen that the initial dis-
placement is stabilized and that there is no aerodynamic amplification, see Figs. 3, where the
bending and pitching displacements as a function of time are shown. The results indicate that
for Uref = 8m/s, the flow stabilizes the displacements. However, for values Uref = 32m/s, the
initial displacement is amplified, leading to a vibration resembling the limit cycle of the oscilla-
tions, see Fig. 4. This corresponds to the results presented in [9], where the critical speed is
Ucrit = 30.25m/s.

a) b)

Figure 2: The magnitudes of the velocity ||u||∞ for the Uref = 8 obtained by the TH element: a)
t = 0 and b) t = 1.5.

In Figs. 5, the dominant frequencies are presented obtained by the Theodorsen theory and FE
approximations, see [8]. Both elements agree with aerodynamic theory. However, the SV element
agrees only up to Uref = 20m/s, as the stream-line diffusion is used for stabilization, which reduces
the order of the method. To solve the problem of reduced order, mesh refinement would typically
be applied. However, this is not possible due to the limitations of the UMFPACK library as the
solver, see [17]. Furthermore, it can be observed that as Uref increases, the dominant frequencies
approach each other until resonance is reached.

Finally, the damping coefficients are given in Figs. 6. As the far-field velocity increases, the
damping effect increases to 25m/s. However, beyond this point, further increases in velocity reduce
the damping ratio for both pitching and bending. Above 30m/s, the damping ratio of pitching
is positive, leading to a flutter-type instability. These results align with those obtained using
NASTRAN, which predicts critical flow speeds of Uref = 30.25m/s for pitching (flutter), as noted
in [9].
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a) b)

Figure 3: Bending a) and pitching b) for the Uref = 8m/s with using the TH element.

c) d)

Figure 4: Bending a) and pitching b) for the Uref = 32m/s with using the TH element.

a)

0 10 20 30 40 50
Uref (m/s)

−2
0
2
4
6
8

10
12
14

Do
m

in
an

  F
re

qu
en

cy
 (H

z)

bending
pi ching
bending  linearized aerodynamical  heory
pi ching  linearized aerodynamical  heory

b)

Figure 5: Comparison of dominant frequencies obtained by the TH element a) SV element b) with
the results from [8].

5 Conclusion

This paper presents a numerical study of a complete fluid-structure interaction (FSI) problem
involving a fluid flow around the airfoil with two degrees of freedom. The governing equations
consist of the incompressible Navier-Stokes equations formulated in the Arbitrary Lagrangian-
Eulerian (ALE) framework for the fluid due to the moving domain, and a system of ordinary
differential equations describing the airfoil’s motion with two degrees of freedom: bending and
pitching. The numerical solution is obtained using the in-house solver which is based on the
finite element method (FEM). Two discretizations are considered which satisfy the Babuška-Brezzi
(BB) condition: Taylor-Hood (TH) and Scott-Vogelius (SV). Stabilization techniques, including
the streamline upwind Petrov-Galerkin (SUPG) method and grad-div stabilization, are applied to
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Figure 6: Comparison of damping obtained by the TH element a) SV element b) with the results
from [8].

address convection dominance. The TH element achieves stability through SUPG and grad-div
techniques, while the SV element uses streamline diffusion for stabilization (it is not possible to
use SUPG with the SV element due to the strong coupling between the velocity and the pressure).

The numerical models were tested on the reference problem of the flow around the NACA0012
with two degrees of freedom. The far-field velocity Uref varies, and the response to the initial
displacement was evaluated. The dominant frequencies for bending and pitching were compared
with the data obtained by the matlab script based on the classical aero elastic theory [8] and the
critical velocity was compared with the predictions of NASTRAN [9]. The results show that for
Uref ≤ 20, both elements are in excellent agreement with the theory. However, for higher velocities,
the results could not be obtained with the SV element, as the streamline diffusion stabilization
reduces the method’s order, whereas the TH element shows agreement for all cases.

The study further shows that as the far-field velocity increases, the damping effect initially
increases but decreases beyond Uref = 25m/s. At Uref = 32m/s, a flutter-type instability occurs.
These observations are in agreement with [9], where the critical flow speed is Uref = 30.25m/s.

In conclusion, the Taylor-Hood and Scott-Vogelius elements provide reliable results within their
respective stability ranges. The numerical results are in strong agreement with theoretical bench-
marks, confirming the robustness and accuracy of the presented methods. The only disadvantage is
in the stabilization of the SV element. This might be future work to use some advanced approach
for stabilization such as local projection method or variational multi scale method, see [18, 1].
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